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On some abelian varieties of type IV
Steve Thakur
Abstract
We study a certain class of simple abelian varieties of type IV (in Albert’s classification)
over number fields with Mumford-Tate groups of type A. In particular, we show that such
abelian varieties have ordinary reduction away from a set of places of Dirichlet density zero,
thus confirming a special case of a broader conjecture of Serre’s. We also study the splitting
types and Newton polygons of the reductions of the abelian varieties of this type with small
dimension (nine).
1 Introduction
For an absolutely simple abelian variety A over a number field F , it is natural to study the
reduction Av at each place v of good reduction. In particular, two questions of significant interest
are:
1. to determine the splitting of Av into simple abelian varieties up to isogeny
2. to determine the Newton polygon of Av.
The following well known conjectures suggest that, after passing to a suitable finite extension,
such an abelian variety has iso-simple and ordinary reduction at a set of places of density one.
Conjecture 1. ([MP08], [Zyw14]) Let X be an absolutely simple abelian variety over a number
field F . After replacing F by a finite extension if necessary, there exists a density one set of
places such that the reduction Xv is isogenous to the d-th power of a simple abelian variety where
d2 is the dimension of the division algebra End0
Q
(X) over its center.
Conjecture 2. ([Pin98]) Let X be an absolutely simple abelian variety over a number field F .
After replacing F by a finite extension if necessary, there exists a density one set of places such
that the reduction Xv is ordinary.
In this article, we study a certain class of abelian varieties that are of type IV in Albert’s
classification and have Mumford-Tate groups (and l-adic monodromy groups) of small rank and
of type A. In particular, we verify Conjecture 2 for this class of abelian varieties, relying heavily
on the techniques of [Pin98]. The following theorem is the main result of this article.
Theorem 1.1. Let A be an abelian variety of type IV(1, d,∧r(Std)) over a number field. If the
l-adic monodromy groups GA,l are connected, then A has ordinary reduction at a set of places of
Dirichlet density one.
The notation in the statement of the theorem is explained in Definition 1.1.
1.1 Notations and Terminology
For an abelian variety A over a number field and a prime l, the l-adic monodromy subgroup GA,l is
the Zariski closure of the image of ρ
l
: GalF −→ GL(Vl(A)) andG0l (A) is the connected component
of the identity. The image ρl(GalF ) is a compact l-adic analytic subgroup of Gl(Ql) which is of
finite index in Gl(Ql) ([Bog80]). We denote the Zariski closure of ρl(GalF ) in GL(Tl(A)) by Gl.
It is a group scheme over Zl with generic fiber Gl.
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For a finite place v of F with char(v) = p, the Zariski closure of the image ρp(Dv) of a
decomposition group Dv ⊆ GalF under the map ρp : GalF −→ GL(Vp(A)) is denoted by Hv(A).
Let g be the dimension of A. The Betti cohomology group V (A) = H1(A(C),Q) is a
2g-dimensional vector space over Q endowed with a decomposition V (A) ⊗Q C = V 1,0 ⊕ V 0,1
such that V 1,0 = V 0,1. Let µ∞ : Gm,C −→ GL2g,C be the cocharacter through which any z ∈ C∗
acts by multiplication by z on V 1,0 and trivially on V 0,1. The Mumford-Tate group MTA is the
unique smallest Q-algebraic subgroup of GL2g,Q such that µ∞ factors through MTA×QC.
The following long-standing conjecture suggests an intrinsic relation between the two notions:
Conjecture. (Mumford-Tate) For an abelian variety A over a number field and a prime l,
MTA×QQl = G0l (A).
1.2 Some background
For an abelian variety A over field F of characteristic zero, we denote by End0(A) the endomorphism
algebra EndQ(A) ⊗Z Q. According to Albert’s classification, a simple abelian variety A of
dimension g has one of the following possibilities for its endomorphism algebra:
Type I: End0(A) is a totally real field of degree e such that e|g.
Type II: End0(A) is a totally indefinite quaternion algebra over a totally real field of degree e
with 2e|g.
Type III: End0(A) is a totally definite quaternion algebra over a totally real field of degree e
with 2e|g.
Type IV: D := End0(A) is a central division algebra of dimension d2 over a CM field K of degree
2e with ed2|2g and is equipped with an involution ∗ of the second kind.
In this article, we will be studying a certain class of abelian varieties of type IV whose
Mumford-Tate groups are of type A. Note that if A is such an abelian variety of dimension g
and D its endomorphism algebra, the Hasse invariants of D are such that for any place v of K,
invv(D) + invv(D) = 0.
Abelian varieties of type IV such that D = K have been studied in [Chi92]. Our focus will
be a certain class for which D is non-commutative, which seems to be a relatively less explored
class of abelian varieties for questions of this type.
We now state a few fundamental theorems we shall need repeatedly in this article. For an
abelian variety over A over a number field F , we define the field
F connA :=
⋂
l
F (A[l∞]).
This is the minimum extension of F such that the l-adic monodromy groups are connected and
is a number field Galois over Q ([LP95]).
Theorem 1.2. (Faltings) Let X be an abelian variety over a number field F such that F connA = F .
Then we have the following:
(i) The centralizer of Gl in EndQl(Vl) is End(A)⊗Z Ql.
(ii) The group Gl is reductive.
(iii) End0(AF ) = End
0(AQ)
So, for an abelian variety A with End0(A) of dimension d2 over its center, then the l-adic
representation Vl(A) is the d-th power of an absolutely simple representation.
The following theorems of Deligne and Serre give one of the inclusions for the Mumford-Tate
conjecture and reduce it to the equalities of the ranks of MTA and GA,l.
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Theorem 1.3. (Deligne) For any prime l, G0l ×Q Ql ⊆ MTA×QQl.
Theorem 1.4. (Serre) For any abelian variety A, the l-adic monodromy groups GA,l are all of
the same rank.
Henceforth, we shall refer to this common rank as the rank of the abelian variety. Deligne’s
theorem on the first inclusion combined with Serre’s rank independence theorem show that the
Mumford-Tate conjecture reduces to the rank of the abelian variety being equal to the rank of
the Mumford-Tate group. More precisely:
Theorem 1.5. (Serre) If the inequality
rank G0p ≤ rank MTA
is an equality for any prime p, the Mumford-Tate conjecture is true for A.
Strict Compatibility. The l-adic representations attached to an abelian variety are strictly compatible
in the sense of Serre. A proof may be found in [Del74].
Theorem 1.6. [Del74] For an abelian variety A, fix a finite set S of non-archimedean places
such that A has good reduction outside S. Let v /∈ S, l 6= char(kv)
1. ρ
l
is unramified at v
2. The characteristic polynomial of ρ
l
(Frv) has coefficients in Z and is independent of l.
Notations: An immediate consequence is that the eigenvalues are in Z and are independent of
l. We denote this polynomial by PAv (X) ∈ Z[X], its zeros by WAv and the multiplicative group
they generate by ΦAv . The group ΦAv is abelian with rank ΦAv ≤ rank A. Furthermore, if the
field is enlarged to ensure that the l-adic monodromy groups are connected, this inequality is an
equality for a set of places of Dirichlet density one ([LP95]).
Theorem 1.7. [Pin98] Each simple factor of the root system of G0l has type A, B, C or D and
its highest weights in the tautological representation are minuscule.
(A minuscule representation is a representation such that the Weyl group acts transitively on
the set of weights).
In particular, if a simple factor is of type An, then the corresponding representation must be
the r-th exterior power of the standard representation of SLn+1 for some r ≤ n. We now describe
the abelian varieties we intend to study in this article.
Definition 1.1. For an odd integer d and an integer r ≤ d − 1 prime to d, we say an abelian
variety A over a field of characteristic zero is of type IV(1, d,∧r(Std)) if:
• D = End0(A) is a d2-dimensional central division algebra over an imaginary quadratic field K,
endowed with an involution ∗ of the second kind.
• The Mumford-Tate group MTA = GD˜/µr where D˜ is the unique central division algebra over
K such that [D˜]r = [D]−1 in Br(K) and GD˜(R) := {α ∈ (D˜⊗QR)× : αα∗ ∈ R} for any Q-algebra
R.
• H1(A(C),C) is the sum of 2d copies of the r-the exterior power of the standard representation
of SLd,C.
We note that a central division algebra over an imaginary quadratic field K is endowed
with an involution of the second kind if and only if the corestriction CorK/Q(D) = 0 in Br(Q)
([KMRT98]).
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Abelian varieties over C satisfying the conditions in Definition 1.1 are constructed in [Orr15]
for the case where d = 2r + 1. We provide a virtually identical construction in the appendix
for the case where gcd(r, d) = 1. The existence of such abelian varieties over number fields then
follows from the following theorem of Noot.
Theorem 1.8. ([No95], Theorem 1.7) Let X be an abelian variety over C. Then there exists
an abelian variety A over Q such that MTA = MTX , End0(A) = End0(X) and A satisfies the
Mumford-Tate conjecture.
Such an abelian variety is absolutely simple of dimension d
(
d
r
)
and satisfies the Mumford-Tate
conjecture. The following argument is sketched in [Orr15]. We provide it for the reader’s
convenience.
Proposition 1.9. Suppose either d > 3 or r > 1. Then an abelian variety A of type IV(1, d,∧r(Std))
satisfies the Mumford-Tate conjecture.
Proof. Note that for any rational prime l, the pair (MTA⊗QQl, V ⊗QQl) is a weak Mumford-Tate
pair over Ql ([Pin98]). If d > 3, then MTA⊗QQl is of type A and V ⊗Q Ql is not the standard
representation. So the pair corresponds to column 4 of [Pin98] and hence, the Mumford-Tate
conjecture holds for A.
If d = 3 and r = 1, we have rank MTA = 3. On the other hand, ([Orr15], Corollary 3.2)
implies 18 = dimVl ≤ 6 · 2rank Gl−1 and hence, rank Gl ≥ 3. So rank Gl ≥ rank MTA = 3 and
hence, the Mumford-Tate conjecture holds for A.
An important consequence of this is that away from a density zero set of places, the reduction
Av is isogenous to the d-th power of a simple abelian variety. This follows from the following
theorem of Zywina.
Theorem 1.10. ([Zyw14], Theorem1.2) Let A be an absolutely simple abelian variety over a
number field F such that the F = F connA and the Mumford-Tate conjecture holds for A. Let d
2 be
the dimension of the division algebra End0(A) over its center. Then Av is the d-th power of an
absolutely simple abelian variety away from a set of places of Dirichlet density zero.
Proposition 1.11. Let A be a simple abelian variety over a number field F such that the l-adic
monodromy groups are connected. Let End0(A) be of dimension d2 over its center E. Then, for
all places v in a set of density one, the reduction Av is isogenous to the d-th power B
d
v of an
abelian variety Bv such that End
0(Bv) is a product of matrix algebras over CM fields.
Proof. Let S be the set of places v of F such that:
- Av has no supersingular abelian subvariety.
- v has local degree one over Q.
The first condition holds for a density one set of primes by ([Pin04], Proposition 1.6) and the
second is a consequence of the Chebotarev density theorem. Thus, S has density one.
Let π be a zero of PAv (X) and let Bpi be the corresponding simple abelian variety. Since Bpi
is not supersingular, it follows that the center Q(π) of End0(Bpi) is a CM field. Furthermore,
since kv is the prime field, End
0(Bpi) is commutative. Thus, End
0(Bpi) = Q(π).
2 Some preliminary results
In this section, we state and prove a few basic propositions that will be necessary in the
subsequent sections. We begin with the following two facts about central simple algebras.
Theorem 2.1. ([Jac80] Theorem 4.7) Let E be a local or global field. Let A →֒ B be an embedding
of central simple algebras over E. Then B ∼= A⊗E CentB(A) where CentB(A) is the centralizer
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of A in B. Furthermore, CentB(A) is central simple over E.
Corollary 2.2. Let E be a local or global field. Let A →֒ B be an embedding of central simple
algebras over E. Then the integers [A : E] and [B:E][A:E] are relatively prime.
Proof. Since we have an embedding A →֒ B, C := CentB(A) is a central simple algebra over E
of dimension [B:K][A:K] . By the double centralizer theorem, CentB(C) = A.
Suppose, by way of contradiction, that there exists a prime p dividing [A : K] and [C : K].
Then there exists a field extension E1/E of degree p such that E1 can be embedded in both A
and C (see the next proposition). Since any element of E1\E does not commute with all of C,
we have a contradiction.
Proposition 2.3. Let K be a global or local field, p a rational prime and let C1, C2 be central
simple algebras over K such that p divides [C1 : K] and [C2 : K]. Then there exists a field
extension L/K of degree p that can be embedded in both C1 and C2.
Proof. We write Ci = Matni(Di), i = 1, 2 where the Di are central division algebras over K. If
p|n1, then any extension of degree p may be embedded in C1. So any degree p extension L/K
that has an embedding in C2 satisfies the condition. So we may assume without loss of generality
that p ∤ n1n2 and hence, d21 := [D1 : K], d
2
2 := [D2 : K] are divisible by p
2.
Let P be the set of primes of K that either D1 or D2 is ramified at. Choose a cyclic extension
L˜/K of degree d1d2 such that every prime in P is inert in L˜/K. Let L1, L2, L be the intermediate
fields such that [Li : K] = di (i = 1, 2) and [L : K] = p. Then L ⊆ Li (i = 1, 2). Furthermore, Li
splits Di are hence, is a maximal subfield of Di.
Proposition 2.4. An abelian variety A of type IV(1, d,∧r(Std)) has potential good reduction
everywhere.
Proof. Since the derived group MTderA is anisotropic over Q, this follows from ([Per12], Thm
4.1.9).
3 The density of ordinary reduction
In this section, we show that the abelian varieties of type IV(1, d,∧r(Std)) class have ordinary
reduction at most places. We will draw heavily from the proof of ([Pin98], Theorem 7.1) which
deals with the case where End(A) = Z and the l-adic monodromy groups are of type A.
3.1 Cocharacters
For an abelian variety A over a number field F = F connA , let MTA be the Mumford-Tate group.
Let v be a place such that rank ΦAv = rank A. We choose an element tv ∈ GL2g(Q) with
characteristic polynomial PAv(X), which we defined as the characteristic polynomial of ρl(Frv)
for any l 6= p := char(v). We denote by Tv the Zariski closure of tv in GL2g(Q).
The cocharacter group X∗(Tv) := Hom(Gm,Q,Tv ×Q Q) and the character group X∗(Tv) :=
Hom(Tv ×Q Q,Gm,Q) are in canonical perfect duality
〈 , 〉 : X∗(Tv)×X∗(Tv) −→ Z, (χ, λ) 7→ deg(χ ◦ λ).
When tensored with R, this yields a perfect R-valued pairing between the character space
X∗(Tv)⊗Z R and the cocharacter space X∗(Tv)⊗Z R.
We note that unlike the p-adic monodromy group Gp(A), the subgroup Hv := ρp(Dv)
Zar
might not be reductive. In fact, in the case of ordinary reduction - which we expect to occur at
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a density one set of places - the group Hv is solvable and hence, cannot be reductive unless it
is a torus. However, if v is a place such that rank ΦAv = rank A, then there exists an element
gv ∈ GL2g(Qp) such that
gvTv,Qpg
−1
v ⊆ Hv,Qp ⊆ Gp,Qp ([Pin98], 3.12).
In particular, Hv is of the same rank as Gp(A) for such places.
Definition 3.1. A strong Hodge cocharacter of Tv is a cocharacter µ of Tv such that there
exists gv ∈ GL2g(Qp) such that gvµ is a Hodge cocharacter of Hv. A weak Hodge cocharacter is
a cocharacter of Tv that is conjugate under GL2g(Q) to a strong Hodge cocharacter.
For a prime p of K of local degree one over a Q, let ordp : Kp ∼= Qp −→ Q ∪ {∞} be
the normalized valuation with ordp(p) = 1. A quasi-cocharacter of Tv is a homomorphism
µ : Gm,Q −→ Tv,Q such that µN is a cocharacter for some N ∈ Z. In other words, the set of
quasi-cocharacters of Tv is X∗(Tv)⊗Z Q.
Definition 3.2. The Newton (quasi-)cocharacter ηv is the unique quasi-cocharacter of Tv such
that for every χ ∈ X∗(Tv), 〈χ, ηv〉 = ordp(χ(tv))[Fv:Fp] , where Fv is the residue field at v.
By [LP97], the Frobenius tori Tv for places v with rank ΦAv = rank A have the same rank
and the same formal character. Hence, we may fix a split torus T0 of GL2g,Q and conjugate it
into every Gl,Ql . For every rational prime l, we choose and fix an element fl ∈ GL2g(Ql) such
that
T0,Ql
⊆ f−1l Gl,Qlfl.
We may assume that the torus f−1l T0,Qlfl is defined over Kl for some prime l of K lying over
Ql. In particular, if l splits (completely) in K, we may assume f
−1
l T0,Ql
fl is defined over Ql.
Furthermore, for every place v such that rank ΦAv = rank A, we choose an element hv ∈ GL2g(Q)
such that
h−1v Tv,Qhv = T0,Q.
There exists a cocharacter η
0,v
of T0 that is conjugate to the Newton cocharacter ηv. Note
that for every weight χ ∈ X∗(T0) that occurs in the representation V (A), we have 〈χ, η0,v 〉 ≤ 1.
Definition 3.3. For a quasi-cocharacter µ of Hv, we let Sµ denote the set of all
Hv(Qp)⋊GalQp-conjugates of µ that factor through T0,Qp .
The following theorem relates ordinary reduction to these orbits of the Hodge and Newton
cocharacters coinciding.
Theorem 3.1. ([Pin98], Theorem 1.5) A has ordinary reduction at v if and only if S(µ
H
) =
S(ηv).
Theorem 3.2. ([Pin98] Theorem 3.15) If F = F connA and v is a place of local degree one over Q
such that rank ΦAv = rank A, then ηv lies in the convex closure of the orbit of µ0,v under the
Weyl group.
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3.2 Mumford-Tate pairs
Consider a connected reductive group G over a field E of characteristic zero and faithful finite
dimensional representation ρ.
Definition 3.4. The pair (G, ρ) is a weak Mumford-Tate pair if there exist cocharacters µi :
Gm,E → GE such that:
i. GE is generated by the images of all G(E)-conjugates of the µi and
ii. the weights of each ρ ◦ µi are in {0, 1}.
The pair is a strong Mumford-Tate pair if these conditions hold and the cocharacters µi are
conjugate under GalE.
We list a few examples that are particularly important for our purposes in this article.
1. The pair (MTA, V (A)) is a weak Mumford-Tate pair. This follows from the very definition.
2. The pair (G0l (A), Vl(A)) for an abelian variety A is a weak Mumford-Tate pair. This was
shown in ([Pin98], Theorem 5.10).
3. A pair (G, ρ) is a weak Mumford-Tate pair if and only if (ρ′(G), ρ′) is one, for every irreducible
summand ρ′ of ρ.
Let A be an abelian variety of type IV(1, d,∧r(Std)) over a number field F with D = End0(A)
a central division algebra over K. Passing to a finite extension if necessary, we may assume
F = F connA . The representation V (A)Q is a sum of 2d irreducible representations. Let V1 be
one of these irreducible components and set ρ1 := ρ|V1 . Then (MTA, ρ1) is a weak irreducible
Mumford-Tate pair.
3.3 The groups W (G,T ) and Π(G,T ):
Let G be a reductive group over a perfect field E. Its maximal tori are all conjugate to each
other over the algebraic closure E. Choose a maximal torus T of G. We have a homomorphism
φ
T
: GalE −→ Aut(X∗(T )), σ 7→ (χ 7→ σ(χ))
for σ ∈ GalE, χ ∈ X∗(T ). Note that T is split if and only if φT (GalE) = {1}.
We use the symbol W (G,T ) to mean the Weyl group NG(T )(E)/T (E) where NG(T ) is the
normalizer of T in G. Now, GalK acts onW (G,T ) and σ(w) = φT (σ)◦w◦φT (σ)−1 for σ ∈ GalK ,
w ∈W (G,T ). We define Π(G,T ) to be the subgroup of Aut(X∗(T )) generated by W (G,T ) and
φ
T
(GalE). As abstract groups, W (G,T ) and Π(G,T ) are independent of T . We note that while
W (G,T ) is insensitive to base change, the groups φ
T
(GalE) and Π(G,T ) are not.
Suppose we have a faithful representation ρ : G →֒ GL(V ) for some finite dimensional vectors
space V over E. We denote by Ω(V ) ⊆ X∗(T ) the set of weights of V . We have a decomposition
V ⊗E E =
⊕
χ∈Ω(V )
V (χ)
and hence, for every t ∈ T (E), we have
det(XI − ρ(t)) =
∏
χ∈Ω(V )
(X − χ(t))mχ
where mχ := dimV (χ) is the multiplicity of χ.
We are primarily concerned with the case where the reductive group G is the Mumford-Tate
group of an abelian variety A of type IV(1, d,∧r(Std)) with D := End0(A) a central division
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algebra over an imaginary quadratic field K. Let D˜ be the unique central division algebra over
K such that [D]−1 = [D˜]r in Br(K). Fix a maximal torus T in MTA. Since MTA is a Q-form
of GLd, the Weyl group W (MTA,T) is isomorphic to the symmetric group Sd. Furthermore, a
field extension L/K of degree d splits T if and only if L is a CM field and splits D˜. As seen in
the next proposition, this is equivalent to L splitting D.
Proposition 3.3. Let K be a number field and D a d2-dimensional central division algebra over
K. Let r be an integer prime to d and let D˜ be the unique central division algebra over K such
that [D˜] = [D]r in Br(K). Then any field extension L/K has an embedding in D if and only if
it has an embedding in D˜.
Proof. Any subfield of D or D˜ lies in a maximal subfield. So we may assume without loss of
generality that [L : K] = d.
Let P,P˜ be the sets of primes of K that D, D˜ are ramified at. Note that for any p ∈ P,
invp(D˜) = r invp(D) and since r is prime to d, which is the order of [D] in Br(K), it follows that
P = P˜ . Now, any extension L/K of degree d has an embedding in D (resp. D˜) if and only if L
splits D (resp. D˜). But this happens if and only if for every prime p′ of L lying over p, the local
degree [Lp′ : Kp] annihilates invp(D) (resp. invp(D˜)). Since P = P˜ , the proposition follows.
Proposition 3.4. Let d be an odd integer. Let D be a d2-dimensional central division algebra
over an imaginary quadratic field K. There exists infinitely many cyclic extensions E/Q of degree
d such that:
i. E is linearly disjoint from K
ii. EK is a CM field.
iii. EK has an embedding in D
Proof. Note that any cyclic extension of odd degree over Q is totally real and hence, its
compositum with K is a CM field cyclic over Q.
Let p1, · · · , pr be the primes of K that D is ramified at and let p1, · · · , pr be the rational
primes they lie over. There are infinitely many cyclic extensions E/Q of degree d such that
p1, · · · , pr are inert in E/Q [Th16, Lemma 6.2]. Since these extensions are Galois over Q and d
is an odd integer, any such extension E is linearly disjoint from K. This ensures that EK/K
is cyclic of degree d. Furthermore, the primes p1, · · · , pr are inert in EK/K since p1, · · · , pr are
inert in E/Q. So [D] ∈ Br(EK/K) and hence, EK has an embedding in D.
Since there exists a cyclic extension L/Q of degree 2d that contains K and splits the division
algebra D˜ (by Proposition 3.5), it follows that φ
T
(GalQ) is cyclic of order 2d and
φ
T
(GalQ)∩W (MTA,T) is cyclic of order d. Thus, Π(MTA,T) ∼= Sd × (Z/2Z). As noted earlier,
these abelian varieties fulfill the Mumford-Tate conjecture. So [Zyw14] implies that away from a
density zero set of places, Gal(Q(WAv)/Q) = Π(MTA,T). The fixed field of the Weyl group is
K.
Proposition 3.5. Let A be an abelian variety of type IV(1, d,∧r(Std)) over a number field F
such that F = F connA . At most places v of good reduction, End
0(Av) = Matd(Ev) for some CM
field Ev of degree 2
(d
r
)
containing K.
Proof. Since A satisfies the Mumford-Tate conjecture, it is immediate from the main theorem of
[Zyw14] that away from a set of density zero, Gal(Q(WAv )/Q) = Π(MTA). For any such place,
the fixed field of W (MTA) is K. Furthermore, by Proposition 1.9, there exists a density one set
of places such that End0(Av) is a product of matrix algebras over CM fields. This completes the
proof.
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Since the pair (MTA, V (A)) is a weak Mumford-Tate pair, it follows that for any irreducible
MTA,Q-representation Vi ⊆ V (A)⊗QQ, the pair (MTA,Q, Vi) is an irreducible weak Mumford-Tate
pair. The Weyl groupW (MTA,T) acts transitively on the set Ωi of weights of Vi and Π(MTA,T)
acts transitively on the disjoint union Ω = Ω1 ∪ Ω2. So each Ωi is stable under the action of
GalK .
Choose a prime l that splits (completely) in K/Q. Let l1, l2 be the primes of K lying over l.
Then K ⊗Q Ql = Kl1 ×Kl2 and if we set Vli(A) := Vl(A)⊗K⊗Ql Kli , we have a decomposition
Vl(A) = Vl1(A)⊕ Vl2(A)
of Ql[GalF ]-modules.
3.4 The variety Conj′(G)
Let G be a connected reductive group over a local or global field E. The derived group Gder
E
is an
almost direct product of almost simple groups. We assume these simple groups are type A,B,C
or DH.
We define A to be the group of automorphisms τ of the group GE such that:
• τ is the identity on the center of GE .
• Every simple factor is stable under τ .
• The restriction of τ to any simple factor H agrees with conjugation by some element of H.
Let RG be the affine coordinate ring of G. This is an E-algebra and the group A acts on RG
by composition. We define RAG to be the E-subalgebra of elements fixed by A. Furthermore, we
define Conj′(G) := Spec(RAG). This is a universal categorical quotient and is a E-form of the
quotient TE/W (G,T ) for any maximal torus T .
In this article, we are primarily concerned with the case where G is either the Mumford-Tate
group MTA of an abelian variety or the connected component G
0
l (A) of the l-adic monodromy
group.
3.5 The set SA
We choose a rational prime l that that splits in K/Q and is prime to the discriminant of D (and
hence, prime to the discriminant of D˜). We have the decomposition
Vl(A) ∼= Vl1(A)⊕ Vl2(A)
of Ql[GalK ]-modules. Hence, the set Ω(Vl(A)) of weights of Vl(A) is the union Ω1 ∪Ω2 where Ωi
is the set of weights on Vli(A) . Furthermore, the Weyl group acts transitively on each Ωi and
Π(Gl) acts transitively on Ω.
For every χ ∈ Ω1, we have 0 ≤ 〈χ, η0,v 〉 ≤ 1. For all places v ∈ ΣF such that rank ΦAv =
rank A, we define
av,j := Tr
(
ρlj(h
−1
v tvhv)
) · Tr (ρlj (h−1v tvhv)−1) .
We first show that this element lies in K.
Proposition 3.6. The algebraic numbers av,j lie in K.
Proof. The elements χ(h−1v tvhv) lie in the multiplicative group ΦAv generated by WAv and
hence, the sum av,j lies in Q(WAv). Since the set Ωj is stable under the action of the Weyl group,
it follows that av,j lies in the subfield of Q(WAv) fixed by the Weyl group W (MTA) ∼= Sd. But
as noted earlier, the fixed field of the Weyl group is K. Hence, av,j ∈ K.
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Corollary 3.7. The image of the map
τ : T0 −→ A1Q, t 7→
∑
χ∈Ωj
χ(t)
lies in A1K .
Proof. We have τ(tv) ∈ K for all {v : rank ΦAv = rank A}. Since the elements {tv : rank ΦAv =
rank A} generate a dense subgroup of T0, this corollary follows.
For an abelian variety A of type IV(1, d,∧r(Std)), we define the set SA as the set of places v
of F such that:
1. v has local degree one over Q.
2. The group ΦAv generated by WAv is of full rank.
3. NmK/Q av /∈ pZ.
4. Gal(Q(WAv )/Q) = Π(MTA).
The general idea is to show that SA has Dirichlet density one and that each place v ∈ SA is
a place of ordinary reduction. To this end, we will need the following two lemmas.
Lemma 3.8. For any constant C, the set {β ∈ OK : NmK/Q(α) ≤ C} is finite.
Proof. Clearly, for any β ∈ OK , the norm NmK/Q(β) ∈ Z. So suffices to show that the set
{β ∈ OK : NmK/Q(β) = N} is finite for any integer N ≤ C.
For any integer N ≤ C, if N = NmK/Q(β), then β generates some ideal I in OK dividing
(N). Clearly, there are finitely many such ideals. For any such ideal I, if I = βOK = β1OK ,
then β1β is a unit in OK . But since K is an imaginary quadratic field, any unit of OK is a root
of unity of order dividing 6. This complete the proof.
Lemma 3.9. For any v ∈ SA, there exist weights χ1 , χ2 ∈ Ωj such that 〈χ1χ−12 , η0,v 〉 = −1.
Proof. We show this for Ω1. The proof for Ω2 is identical.
First, we note that K ⊆ F since all the endomorphisms of A are defined over F connA . Since
p := char(v) splits completely in F , it is clear that p splits in K/Q. Let p be a prime of K lying
over p and let ordp be a valuation extending ordp.
Let χ ∈ Ω1 be any weight that occurs in the absolutely irreducible representation V1. The
algebraic number χ(h−1v tvhv) is a unit at all primes not above p and the archimedean norms are
all equal to
√
p. Hence, any quotient χ
1
(h−1v tvhv)χ2(h−1v tvhv)−1 is a unit away from p and the
archimedean norms are all equal to 1. Hence, av,1 is an element of K with norm NmK/Q(av,1) ≤
p
∣∣Ω1∣∣2 and is integral away from p. Since av,1 /∈ OK , it follows that ordp(NmK/Q(av,1)) ≤ −1.
So there exists a prime p of K lying over p such that ordp(NmK/Q(av,1)) ≤ −1 and hence, either
ordp(av,1) ≤ −1 or ordp(av,1) ≤ −1.
We may assume without loss of generality that ordp(av,1) ≤ −1. Hence, there exist two
weights χ
1
, χ
2
∈ Ω1 such that
〈χ
1
χ−1
2
, η
0,v
〉 = ordp
(
χ
1
χ−1
2
) ≤ −1.
On the other hand, we have
〈χ
1
χ−1
2
, η
0,v
〉 = 〈χ
1
, η
0,v
〉 − 〈χ
2
, η
0,v
〉 ≥ 0− 1 = −1,
which forces equality.
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Proposition 3.10. Let A be an abelian variety of type IV(1, d,∧r(Std)) over a number field F
such that F = F connA . Then the set SA has Dirichlet density one.
Proof. The set of places of F with local degree one over Q has density one by the Chebotarev
density theorem. By [LP97], the set of places such that the inequality rank ΦAv = rank A = d
has density one. So it suffices to show that the set
{v ∈ ΣF : NmK/Q(av,j) /∈ pZ}
has density one.
Fix a rational prime l that splits in K/Q. Let l be a place of K lying over l. Then Kl ∼= Ql.
As before, let Conj′(f−1l Glfl) be the affine Ql-variety of semisimple conjugacy classes, which is
a Ql-form of the quotient flT0,Qlf
−1
l /W (Gl, flT0,Qlf
−1
l ). We write Wl := W (Gl, flT0f
−1
l ) for
brevity.
We define
Gl −→ T0,Ql/Wl, g 7→ f−1l gssfl (mod Wl)
where gss is the semisimplification of g. This yields a dominant morphism
Gl,Ql −→ Conj
′(f−1l Glfl)Ql
of affine varieties when base changed to the algebraic closure Ql. Furthermore, the morphism
T0 −→ A1K , t 7→ Tr(t) · Tr(t−1)
factors through T0/W since Ω1 is stable under the action of the Weyl group. So we may form
the compositions
ψj : Gl −→ A1Klj ∼= A
1
Ql , j = 1, 2.
Since the representation Vj is absolutely irreducible, the linear independence of characters
implies that ψj is non-constant. We define the sets
Xlj := {g ∈ Gl : ψ(g) ∈ OK and NmK/Q (ψ(g)) ≤ |Ωj|4}.
and Xl := Xl,1 ∪Xl,2. As seen in the preceding lemma, this allows for only finitely many values
for ψ(g) and hence, Xl is a nowhere dense Zariski subset of Gl. Now, let v be a place of F such
that:
-v ∤ l
-v has local degree one over Q
-rank ΦAv = rank A
Then, by construction, av,j = ψj(ρlj(tv)) and v ∈ SA if and only if ρlj(tv) /∈ Xl. But ρlj(GalF )
is a compact l-adic analytic subgroup of Gl(Ql) which, by definition, is Zariski dense in Gl(Ql).
Hence, Ylj := Xlj (Ql) ∩ ρlj(GalF ) is a nowhere dense closed analytic subset of ρlj(GalF ).
Let µj be the Haar measure on ρlj (GalF ) with total volume one. Then volµ(U) −→ 0 as
U runs through a cofinal system of open compact neighborhoods of Ylj . From the Chebotarev
density theorem, it follows that each Ylj and hence, Yl := Yl1 ∪ Yl2 have volume zero. This
completes the proof.
Theorem 3.11. Let A be an abelian variety of type IV(1, d,∧r(Std)) over a number field F such
that F = F connA . Then A has ordinary reduction at a set of places of density one.
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Proof. Since SA has Dirichlet density one, it suffices to show that every place v ∈ SA is a place
of ordinary reduction. Let v ∈ SA and let η0,v be the Newton cocharacter. We choose an element
tv with characteristic polynomial PAv (X) and let Tv be its Zariski closure in GL2g(Q).
We take a strong Hodge cocharacter of Tv and conjugate it via hv into a cocharacter µ0,v of
Tv. By ([Pin98], Theorem 3.15), the cocharacter η0,v lies in the convex closure of the orbit of µ0,v
under the Weyl group. Let X∗(T0)⊗ZR = X0⊕X1 be a decomposition of the cocharacter space
with X0 belonging to the central part. Since η0,v ∈ X∗(T0) ⊗Z R, we may write η0,v = (η0 , η1)
with ηi ∈ Xi, i = 0, 1. By the convex closure theorem, η0 = µ0 and η1 lies in the convex closure
of the Wl-orbit of µ1.
We may identify the set Ω1 of weights with a subset of Rd whose linear span is
{(x1, · · · , xd) ∈ Rd :
d∑
i=1
xi = 0}
and the characters χ
1
, χ
2
are mapped to e1, e2. So the character space X
∗(Tv) ⊗Z R is the
subspace
{(x1, · · · , xd) ∈ Rd :
d∑
i=1
xi = 0}
and the cocharacter space X∗(Tv)⊗ZR may be identified with the quotient space Rd/R(1, · · · , 1).
We denote the elements of the cocharacter space by [x1, · · · , xd]/∼.
Now, we have µ
0,h
= [1, 0, · · · , 0]/∼ ∈ X∗(Tv) up to conjugation by Wl ∼= Sd. Furthermore,
the cocharacter η
0,v
lies in the convex closure of the Hodge cocharacter. So we may write η
1
=
[x1, · · · , xd]/∼ where 1 ≥ x1 ≥ · · · ≥ xd ≥ 0 and
d∑
i=1
xi = 1. Then
1 = 〈e1 − e2, η0,v 〉 = y1 − y2 ≤ y1 ≤ 1
and hence, y1 = 1, y2 = 0.
Thus, the Newton and Hodge cocharacters lie in the same orbit of the Weyl group. Hence,
Av is ordinary by ([Pin98], Theorem 1.5).
4 Splitting of reductions of type IV(1, 3,Std)
In this section, we study the possible splitting types of the reduction of an abelian variety
of type IV(1, 3,Std). Since these abelian varieties fulfill the Mumford-Tate conjecture, [Zyw14]
implies that their reductions are third powers of simple three-folds away from a set of Dirichlet
density zero. We study the types of splitting at these exceptional set of density zero which might
be an infinite set.
The following is a well known fact about the reductions of simple abelian varieties. We provide
a proof for the reader’s convenience.
Proposition 4.1. Let A be a simple abelian variety over a number field F . Let v be a place of
good reduction and let Av =isog
k∏
i=1
Bdii be a simple decomposition up to isogeny. Then we have
an injection End0(A) →֒ Matdi(End0(Bi)) for every i.
Proof. We have the map A −→ Av projection−−−−−−→ Bdii which induces a map φi : D −→ Matdi(End0(Bi)).
Suppose this is not an injection and let α ∈ D be an element such that its image φi(α) = 0 in
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Matdi(End
0(Bi)). Choose an element αˆ such that αˆ ◦ α = [N ] ∈ D is the multiplication by N
map for some integer N 6= 0. Then φi([N ]) = 0 and hence, φi([1]) = 0. Since φi([1]) = [1] ∈
Matdi(End
0(Bi)), this is a contradiction.
A consequence of [Zyw14] is that an abelian variety of type IV(1, 3,Std) has reduction
isogenous to the third power of a simple three-fold away from a set of density zero. But the
reductions might exhibit different behavior at this density zero (but possibly infinite) set of
places.
Note that GalQ acts transitively on Ω and hence, acts on Ω through a transitive subgroup of
Sd × S2. In particular, if d is a prime, the projection of the image to Sd contains a d-cycle σd.
By the Chebotarev density theorem, there exist infinitely many primes l such that σd ∈ GalQl .
Consider the GalQ-equivariant map
ev : X∗(T) −→ ΦAv , χ 7→ χ(tv).
Now, X∗(T) ∼= Zd−1. We may assume without loss of generality that the d-cycle is (1 2 · · · d).
The set of sublattices of Zd−1 invariant under this cycle is in bijection with the ideals of Z[X]/(X
d−1
X−1 ).
The ring Z[X]/(X
d−1
X−1 ) is isomorphic to Z[ζd] and hence, the only possibilities for ker(ev) are the
following:
-0
-Zd−1
-{(x1, · · · , xd) :
d∑
i=1
xi = 0}
In the first case, the eigenvalues of the Frobenius are distinct. In the second case, all the
eigenvalues are equal to
√
q and hence, the reduction is supersingular. In the third case, there
are precisely two distinct eigenvalues and hence, the reduction is of type IV(1, d).
For the rest of this section, let A be an abelian variety of type IV(1, 3,Std) over a number
field F . Let v be a place of good reduction such that p = char(v) does not divide the discriminant
of D := End0(A).
Replacing F by a suitable finite extension if necessary, we may assume the following:
-the size q of the residue field is a square.
-the l-adic monodromy groups are connected.
-the group ΦAv ⊆ Q∗ is torsion-free.
Proposition 4.2. Av is isogenous to the third power B
3
v of an abelian variety Bv over Fv.
Proof. We show that for any simple component B, the maximum power of B in the simple
decomposition of Av is a multiple of 3.
The polynomial PAv (X) is the third power fAv(X)
3 for some polynomial fAv ∈ Z[X]. Passing
to a suitable finite extension if necessary, we may assume the Weil numbers corresponding to
supersingular components are rational. So the largest integer t such that (X − q)t|PAv (X) is a
multiple of 3 and hence, the supersingular part of Av has dimension divisible by 3.
Let π /∈ Q be a zero of fAv and let Btpi be the corresponding iso-simple abelian subvariety of
Av. Since Bpi is not supersingular, the field Q(π) is a CM field. Suppose, by way of contradiction,
that t ∤ 3. Then 3 divides [Dpi : Q(π)]. Thus, we have the following possibilities:
(i) [Q(π) : Q] = 2, [Dpi : Q(π)] = 9
(ii) [Q(π) : Q] = 2, [Dpi : Q(π)] = 81
(iii) [Q(π) : Q] = 6, [Dpi : Q(π)] = 9
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Note that in all three cases, K →֒ D →֒ Dpi and if K * Q(π), then Q(π)K is a degree 4 or
degree 12 subfield of Dpi, a contradiction since 4 ∤ [Dpi : Q]. Hence, K ⊆ Q(π).
In case (i), the dimensions of D and Dpi coincide and hence, the embedding D →֒ Dpi is an
isomorphism. But this is not possible unless D is ramified only at the places of K lying over p.
In case (ii), D and Dpi are central over the same field K = Q(π) and hence, Corollary 2.2
yields a contradiction.
In case (iii), D ⊗K Q(π) →֒ Dpi and since the dimensions coincide, D ⊗K Q(π) ∼= Dpi. Since
D is split at the places of K lying over p, it follows that Dpi is split at the places of Q(π) lying
over p. This is a contradiction, since [Dpi] 6= 0 in Br(Q(π)).
Proposition 4.3. The reduction Av does not have an ordinary elliptic curve as an abelian
subvariety.
Proof. Suppose Av has an ordinary elliptic curve E as a simple component and let t be the
multiplicity with which it occurs. The endomorphism algebra K1 := End
0(E) is an imaginary
quadratic field. We have the injection D →֒ Matt(K1) and hence, 3 divides t. Furthermore, D
and Matt(K1) are of the same dimension and hence, t = 6 or 9.
Let πi, πi (i = 1, 2, 3) be the zeros of fAv and set αi =
pii√
q . We may order the πi so that
α1α2 = α3. Since one of the corresponding elliptic curves occurs with multiplicity ≥ 6 in the
simple decomposition of Av, we may assume α1 = α2. So α
2
1 = α1 and since ΦAv is torsion-free,
it follows that α1 = α2 = α3 = 1. So Av is supersingular, a contradiction.
Proposition 4.4. If Av has a supersingular simple component, then Av is supersingular.
Proof. Suppose Av has the supersingular elliptic curve E as a simple component and let t be the
multiplicity with which it occurs. Then t = 3 or 6 and we have the injection D →֒ Matt(Qp,∞)
where Qp,∞ is the unique quaternion algebra over Q ramified only at p and ∞.
We have the surjective homomorphism X∗(Tl) −→ WAv that maps the set of weights on to
WAv . Let πi, πi (i = 1, 2, 3) be the zeros of fAv . We may order the πi so that π1π2 = π3
√
q. So,
if π1 = π2 =
√
q, then π3 =
√
q as well. Hence, the supersingular part of Av is not of dimension
6.
Suppose, by way of contradiction, that t = 3. Then D →֒ Mat3(Qp,∞). In particular, we
have the embedding K →֒ Mat3(Qp,∞) and since 2 = [K : Q] is prime to 3, we have K →֒ Qp,∞.
Hence, K splits Qp,∞. Now, D →֒ Mat3(Qp,∞) ⊗Q K ∼= Mat36(K). Let C be the centralizer of
D in Mat36(K). Then D ⊗K C ∼= Mat36(K) and hence, [C : K] = 4. But since D is 3-torsion in
Br(K), so is C, a contradiction.
The following corollaries now follow immediately.
Corollary 4.5. Let A be an abelian variety of type IV(1, 3,Std) over a number field F . Let v be a
place of good reduction such that p = char(v) does not divide the discriminant of D := End0(A).
Then Av is isogenous to one of the following:
1. A91 where A1 is the supersingular elliptic curve.
2. B3v where Bv is absolutely simple of dimension 3.
Corollary 4.6. The endomorphism algebra End0(Av) has the following possibilities:
1. Mat3(L) where L is a CM field of degree 6.
2. Mat3(D1) where D1 is a 9-dimensional central division algebra over an imaginary quadratic
field
3. Mat9(Qp,∞) where Qp,∞ is the quaternion over Q ramified only at p and ∞.
Note that case 2 occurs precisely when Bv is simple with Newton polygon 3× 13 , 3× 23 .
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5 Newton Polygons of type IV(1, 3,Std)
Notation: For a Weil q-integer π (up to conjugacy) we denote the corresponding simple abelian
variety (up to isogeny) over Fq by Bpi. We denote the endomorphism algebra End(Bpi) by Dpi.
This is a division algebra central over Q(π) since Bpi is simple. Furthermore, the Hasse invariants
of Dpi are given by
invw(Dpi) =


1
2 if w is archimedean
0 if w ∤ p
w(pi)
w(q) [Q(π)w : Qp] (mod 1) if w|p.
The Newton slopes of Bpi are given by
w(pi)
w(q) where w runs through the places lying over p. As
before, WBpi is the set of conjugates of π over Q and ΦBpi ⊆ Q∗ is the group generated by WBpi .
Note that a base change of Bpi to the degree N extension FqN has the effect of replacing WBpi
by WNBpi := {αN : α ∈ WBpi} = {σ(πN ) : σ ∈ GalQ}. Furthermore, Bpi is absolutely simple if and
only if Q(πN ) = Q(π) for every N ≥ 1.
Definition 5.1. An admissible Newton polygon of length 2g is a sequence 0 ≤ λ1 ≤ · · · ≤ λ2g ≤ 1
of rationals such that:
(i) For each slope λ, λ and 1− λ occur with the same multiplicity.
(ii) If mλ is the multiplicity of λ, then mλλ ∈ Z.
It is well-known that the Newton polygon of an abelian variety over a finite field is admissible.
Conversely, every admissible polygon occurs as the Newton polygon of an abelian variety over
the algebraic closure of the finite field. Using the results obtained in the preceding section, we
now determine the possible polygons at the places of good reduction.
Proposition 5.1. Let A be an abelian variety of type IV(1, 3,Std) over a number field F . Let
v be a place of good reduction that is prime to the discriminant of D. Then Av has one of the
following Newton polygons:
i. 9× 0, 9× 1
ii. 18 × 12
iii. 6× 0, 6 × 12 , 6× 0
iv. 9× 13 , 9× 23 .
Proof. Since v is prime to the discriminant of D, Proposition 4.2 implies that Av is isogenous
to B3v for some abelian variety Bv of dimension 3. So it suffices to show that Bv does not have
the slope sequence 0, 4× 12 , 1 as its Newton polygon.
Let πi, πi (i = 1, 2, 3) be the eigenvalues of the characteristic polynomial of Bv. Set αi :=
pii√
q .
Fix a p-adic valuation ν such that ν(q) = 1. The Newton slopes of Bv are then given by
ν(πi), 1 − ν(πi) (i = 1, 2, 3).
Fix a maximal torus T in Gderl . Because of the additive relations between the weights of T
on the representation Vl, we may order the αi so that α1α2 = α3. So ν(π3) = ν(π1) + ν(π2)− 12
and one can see that the Newton polygon is not 0, 4 × 12 , 1.
We will see that all of these Newton polygons occur for this class of abelian varieties. The
idea is to construct special points on the Shimura variety such that the corresponding CM abelian
varieties possess such Newton polygons at some places of good reduction. We then show that
there exist generic points with reductions isogenous to those of the special points.
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Lemma 5.2. Let Bpi be an absolutely simple abelian variety over a finite field k of characteristic
p with [Dpi : Q(π)] = d2. If p splits completely in Q(π), then
(i) Bpi has all of its Newton slopes in
1
dZ.
(ii) The least common denominator of the Newton slopes is d.
Proof. Note that since p splits completely in Q(π), it also splits completely in the Galois closure
Q(WAv).
(i): For any place v lying over p, the slope w(pi)w(|k|) occurs with multiplicity d[Q(π)w : Qp] and
since [Q(π)w : Qp] = 1 for each v, it follows that d
w(pi)
w(|k|) ∈ Z.
(ii): The Hasse invariants of D are given by [Q(π)w : Qp]
w(pi)
w(|k|) =
w(pi)
w(|k|) where v runs
through the places of Q(WAv) lying over p. Since [Dpi] is of order d in Br(K), the least common
denominator of its Hasse invariants is d.
Lemma 5.3. Let Bpi be an absolutely simple abelian variety over a finite field k with
[Dpi : Q(π)] = d2. Suppose the extension Q(WBpi)/Q is such that the decomposition group of a
prime of Q(WBpi ) lying over p is a normal subgroup of Gal(Q(WBpi )/Q). Then:
(i) Bpi has all of its Newton slopes in
1
dZ.
(ii) The least common denominator of the Newton slopes is d.
Remark In particular, this condition is fulfilled when the center Q(π) of End0(Bpi) is an abelian
extension over Q.
Proof. Because of the preceding lemma, it suffices to show that p splits completely in Q(π)/Q.
Let p be a prime of Q(WBpi) lying over p. We may assume without loss of generality that p does
not split completely in Q(WBpi) and hence, the decomposition group of any prime lying over p is
non-trivial.
Choose a non-trivial element τ in the decomposition group Dp. Since π and its conjugates
generate Q(WBpi ), τ cannot fix every conjugate of π. So we may assume without loss of generality
that τ(π) 6= π. Furthermore, the hypothesis implies that Dp is normal. So τ lies in the
decomposition group of every prime of Q(WAv) lying over p and hence, τ preserves the ideal
(π) in Q(WBpi). So the algebraic number τ(pi)pi has the valuation 0 under every non-archimedean
valuation and hence, must be a root of unity. Write τ(π) = ζ
N
π. Then the characteristic
polynomial of B ×Fq FqN has the zero πN with multiplicity ≥ 2, a contradiction since Av is
absolutely simple. So p splits completely in Q(WBpi )/Q.
Proposition 5.4. Let K be an imaginary quadratic field, L+ a cubic field Galois over Q and L =
L+K. Let {φ1, φ2, φ3} be a CM type for L. An abelian variety X with CM type (L, {φ1, φ2, φ3})
has the following possibilities for the Newton polygon at a place v:
1. If p := char(v) is inert in L/Q, then Xv is supersingular.
2. If p is inert in L+/Q, but splits in K/Q, then Xv has slopes 3× 13 , 3× 23 .
3. If p splits completely in L/Q, then Xv is ordinary.
Proof. Basic complex multiplication.
Note that in the case of non-ordinary reduction, lemma 5.3 implies that End0(Xv) is a
non-commutative division algebra with L →֒ End0(Xv). If Xv has slopes 3 × 13 , 3 × 23 , then
End0(Xv) is the 9-dimensional central division algebra over K such that
invp(End
0(Xv)) =
1
3
, invp(End
0(Xv)) =
2
3
and is unramified everywhere else. In particular, the reduction Xv is a simple three-fold with
p-rank zero.
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Proposition 5.5. Let E be a CM field of degree 2g Galois over Q. Let A be an abelian variety
over a number field F with CM by E. For any place v of simple reduction, if End0(Xv) is a
d2-dimensional central division algebra over a CM field E of degree 2e, then d|g and the Newton
polygon of Av has slopes in
1
dZ.
Proof. Note that
[K : Q] = 2g = 2e · d (Honda− Tate)
and hence, K is a maximal subfield of D. The least common denominator of the Hasse invariants
of D is d. Hence, the Newton slopes of Av lie in
1
dZ.
6 Existence results
Let A be an abelian variety of type IV(1, d,∧r(Std)). The reductive group MTA yields a
Shimura variety of PEL type. For the existence of abelian varieties with the reductions described
in the preceding section, we use the existence of special points where the abelian variety has such
reductions and apply Proposition 6.2.
Proposition 6.1. Let A be an abelian variety of type IV(1, d,∧r(Std)). The Shimura variety
(MTA,X) has reflex field K.
Proof. It suffices to show that the intersection of all fields splitting MTA is K. Now, a number
field splits MTA if and only if contains a subfield L satisfying the following conditions:
-K ⊆ L
-L is a CM field
-L splits D.
By Proposition 3.4, we can construct two cyclic extensions L+1 /Q, L
+
2 /Q of degree d such
that that L1 ∩ L2 = Q and L1 := KL+1 , L2 := KL+2 have embeddings in D. Since L+1 , L+2
are cyclic of odd degree over Q, they are totally real and hence, L1, L2 are CM fields. So
E(MTA,X) ⊆ L1 ∩ L2 = K.
Definition 6.1. For a Shimura variety (G,X) of Hodge type, we say a point x is generic if the
Mumford-Tate group of x is the same as that of X and special if the Mumford-Tate group is a
torus.
Let A be an abelian variety of type IV(1, 3,Std) with endomorphism algebra D. For brevity,
we write G = MTA = D
Nm=1. Let Γ∞ ⊆ G(R) be the centralizer of h : S −→ GR. Then for
any sufficiently small torsion-free compact subgroup Γ ⊆ Gder(Q), we may form the connected
Shimura variety MC(C) = Γ\G(R)0/Γ0∞. This is the set of C-valued points of a quasi-projective
C-scheme and is a connected component of a moduli space for a class of abelian varieties over
C. Replacing Γ by a smaller subgroup if necessary, we may assume that MC is smooth and there
exists a universal polarized abelian scheme XC −→MC.
Let x be a special point on this Shimura variety, meaning that the associated map h : S −→ GR
factors through a maximal torus Tx ⊆ G. By [CO12], there exists a CM field L ⊆ D with
[L : K] = 3 such that Tx is the kernel of the map
(NmL/L+ ,NmL/K) : ResL/QGm −→ ResL+/Q(Gm)× ResK/Q(Gm,Q).
Let L+ be the maximal real subfield of L and let L˜, L˜+ be the Galois closures of L,L+ over Q.
Then L = L+K, L˜ = L˜+K
By the last proposition, MC has a quasi-canonical model M over E(G,X) = K. Enlarging
E(G,X) if necessary, we may assume the abelian scheme XC descends to an abelian scheme X/M .
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Proposition 6.2. Let A be an abelian variety of type IV(1, 3,Std). Let (G,X, h) be a Shimura
variety with generic Mumford-Tate group G = MTA. Let p be a prime of a field F contaning the
reflex field K. Let x ∈ X(F ) be a special point corresponding to an abelian variety A(x) with CM.
Then there exists a finite extension F ′/F , a prime p′ lying over p and a generic point y ∈ X(F ′)
corresponding to an abelian variety A(y) such that A(x) and A(y) have isogenous reductions at
p′.
Proof. Enlarging the field if necessary, we may assume X has good reduction at v. Let Ov be
the localization of OF at v. We may replace the compact subgroup C ⊆ G(Af ) by a compact
subgroup so that it defines a level structure that is prime to p := char(v) and such that there
exists a finite map M −→ A9 where A9 is a fine moduli scheme of 9-dimensional abelian schemes
with level structure prime to p. We replaceM by the absolutely irreducible component containing
xF .
Let M/Ov be the Zariski closure of M in A9. The image in A9(F ) of xF ∈M(F ) extends to
x ∈ M(Ov). We replaceM by an affine open subset containing x and choose π :M−→ A1OF to be
a map such that πkv is non-constant on every irreducible component ofMkv and πF :MF −→ A1F
is etale. It follows from ([No95], Proposition 1.7) that there is a thin subset S ⊆ A1(F ) such that
each yF ∈ A1(F )\S corresponds to an abelian variety with Mumford-Tate group G. Since F is
Hilbertian, it follows that there exist infinitely many points y′ ∈ A1(OF ) with y′kv = π(x)kv and
y′F /∈ S.
7 Appendix
We construct the abelian varieties described in Definition 1.1. This construction is a slight
modification of that in ([Orr15], Section 5.2). Recall that we have an equivalence between the
categories of abelian varieties over C and polarizable Z-Hodge structures of type {(−1, 0), (0,−1)}
given by X 7→ H1(X(C),Z).
Let d be an odd integer and let r be an integer such that 1 ≤ r ≤ d and gcd(r, d) = 1. Let K
be a an imaginary quadratic field and let D˜ be a d2-dimensional central division algebra over K
with an involution ∗ of the second kind. We obtain the Q-algebraic groups
H(R) := {α ∈ (D˜ ⊗Q R)× : αα∗ = 1}, G(R) := {α ∈ (D˜ ⊗Q R)× : αα∗ ∈ R}
which are Q-forms of SLd and GLd respectively.
We view D˜ as a K-irreducible representation of HK with highest weight ω1. Let D be the
unique central division algebra over K such that [D]−1 = [D˜]r in Br(K). Since r and d are
relatively prime, [D] is of order d and hence, [D : K] = d2.
Let ρ˜ be the K-irreducible representation of HK with highest weight ωr. Then ρ˜ has
endomorphism algebra D and ρ˜ ⊗K Q is the sum of d copies of the r-th exterior product of
the standard representation of SLd. So dimK ρ˜ = d
(
d
r
)
.
If λI is a scalar matrix in H(C), then ρ˜
C
(λI) is multiplication by λr and we may extend ρ˜ to
a representation of GK by letting each scalar matrix act as multiplication by λ
r.
Set ρ = ResK/Q ρ˜. This is a Q-irreducible representation of G of dimension 2d
(
d
r
)
. We have
ker(ρ) = µr. So the resulting representation of G/µr is faithful.
Now, HR is the unitary group of the Hermitian form of signature (1, d − 1). We define
φ′ : C∗ −→ G(R) as follows. Let φ′(z) act as zr
zr−1
on the space where h is positive definite and
as z on the space where h is negative definite. Then ρ ◦ φ′ has weights zr and zr and since
ρ is a faithful representation of G/µr, there is a homomorphism φ : C∗ −→ (G/µr)(R) whose
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r-th power is φ′. So (G/µr, ρ, φ) defines a Q-Hodge structure of type {(−1, 0), (0,−1)} and the
Hermitian form induces a polarization of the Hodge structure.
An abelian variety X over C in the corresponding isogeny class has Mumford-Tate group
G/µr, endomorphism algebra D and dimension d
(
d
r
)
. We may then choose a Q-valued generic
point on the Shimura variety attached to MTX . This will correspond to an abelian variety over
Q that fulfills the conditions of Definition 1.1.
Acknowledgments: The author is grateful to Martin Orr for patiently answering his questions.
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